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Abstract
The main objective of this study is to derive a diameter distribution model for Scots pine (Pinus 

sylvestris L.) plantations in Bulgaria, which predicts with high confidence the allocation pattern of 
the tree diameters from stand level variables. As the investigated stands showed predominantly 
unimodal distribution pattern, their diameter distributions were characterized by 2-parameter 
Weibull function. Six methods for its parameter estimation were examined: two methods for 
parameter recovery through moments (PRM_L and PRM_S), a method for parameter recovery 
through the stand basal area (PRM_B), two parameter prediction methods (PPM_NLS and PPM_
MLE), and a modified parameter prediction method based on a mixed-effect model (PPM_Mixed). 
An empirical percentile model, not connected to a predefined functional form of the distribution, 
was fitted for comparison. The choice of the best performing model involved estimation of 
ranks based on Kolmogorov-Smirnov test and Error Index values for goodness of fit evaluation, 
against a fit and a validation data sets. Two of the parameter recovery methods (PRM_L and 
PRM_S) and one of the parameter prediction methods (PPM_NLS) performed best, PRM_S being 
the overall outperformer and PRM_L being the simplest for application. The empirical percentile 
model ranked fourth and was not advantageous for representing diameter distributions of Scots 
pine plantations. The two best models derived (PRM_L and PRM_S) describe well the diameter 
allocation pattern of the Scots pine plantations in Bulgaria and can be applied to estimate the 
diameter distributions from stand level variables in a simple and reliable way.

Key words: distribution moments, empirical percentile model, parameter prediction method, 
parameter recovery method, Pinus sylvestris, Weibull distribution function.

Introduction

The diameter distribution models are of 
particular importance for evaluation of 
the results from the forest management 
activities, but they are not always avail-
able in the forest inventories and often 

are not predictable by the whole-stand 
growth and yield tables, as in Bulgaria. 
To overcome the shortage of information, 
diameter distribution models are being de-
veloped to predict the pattern of tree di-
ameter distribution from stand level vari-
ables. Numerous functional relationships 
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have been examined, the Weibull fre-
quency distribution function being most 
commonly preferred in fitting unimodal 
distributions, because of its flexibility in 
fitting a variety of shapes and degrees of 
skewness, and relative simplicity of es-
timating its parameters. The parameter 
recovery approach, which relates percen-
tiles or moments of the distribution, used 
to recover the Weibull parameters, to 
stand level variables, and the parameter 
prediction approach, which connects the 
function parameters directly to the stand 
parameters, are the two main method-
ological groups applied for estimation of 
the coefficients of the Weibull distribu-
tion function. Different modifications and 
techniques, characteristic to both groups 
as well as combinations of the estimation 
approaches have been proposed, revealing 
the advantages and the limitations of the 
different methods (Bailey and Dell 1973, 
Cao 2004, Liu et al. 2004, Merganič and 
Sterba 2006, Siipilehto 2009).  The main 
objective of the present study is to derive 
a diameter distribution model for Scots 
pine (Pinus sylvestris L.) plantations in 
Bulgaria, which predicts with high confi-
dence the allocation pattern of the tree 
diameters from stand level variables.

Material and Methods

All plots used for data collection are situat-
ed in the mountains of Bulgaria and cover 
the variety of sites, densities and growth 
stages of the Scots pine plantations. The 
data set used for model parameterization 
is composed of two subsets (Table 1). 
Тhe first subset consists of 153 diameter 
frequency�������������������������������     distributions�����������������    obtained by tem-
porary sample plots established in 2002–
2005. The second subset includes 83 di-

ameter distributions from published data 
sources (Krastanov et al. 1980, Marinov 
2002, Marinov et al. 1997) of permanent 
sample plots measured one or more times 
by 2 to 6-year intervals. The validation 
data set consists of 166 diameter distri-
butions and includes data recorded in a 
provenance test plantation in 2007 and 
published data from the forest inventory 
plots and other permanent sample plots 
(Efremov 2006) measured once or more 
times by 10-year intervals. Beside the di-
ameter distribution data, the stand level 
variables density (ha-1), basal area (m2.ha-

1), dominant height (m), quadratic mean 
diameter (cm), age (years), and site index 
were also used in the analyses (Table 1). 
The stand dominant height, where absent, 
was estimated through its relationship to 
the mean height established by Stankova 
et al. (2006), and the site indices of all 
plots were determined by the site quality 
tables for Scots pine stands by growth 
mode (Mihov 1986) for the third type of 
growth mode (slowing down growth).

Most of the diameter distributions 
in the modeling data set exhibited uni-
modal pattern; for this reason, the �����2-pa-
rameter Weibull frequency distribution 
function was employed to characterize 
the diameter distribution pattern of the 
Scots pine plantations sampled:
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where x stands for diameter at breast 
height and b and c are the scale and 
the shape parameters, respectively. The 
model coefficients were estimated in 6 
different ways (Table 2). The first two 
methods apply the parameter recovery 
approach through the first raw (m1) and 
the second central (m2) moments of the 
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distribution (Table 2, Eqs. 2 and 3). In the 
first method (PRM_L) the raw moment 
m1, which is the arithmetic mean diame-
ter, was estimated by linear regression on 
the quadratic mean diameter (Stankova et 
al. 2002) (Table 2, Eq. 4). In the second 
method (PRM_S) the arithmetic mean di-
ameter was evaluated by a relationship 
(Table 2, Eq. 5) on the quadratic mean 
diameter and other stand level variables 
(Diéguez-Aranda et al. 2006). The second 
central moment m2, which is the variance 
of the distribution, is estimated in both 
methods by the arithmetic and the qua-

dratic mean diameters (Table 2, Eq. 6). 
The third method for model parameteriza-
tion (PRM_B) was adapted from Cao et al. 
(1982) and employs the measured value 
of the stand basal area per hectare to re-
cover the parameters iteratively (Table 
2, Eq. 7), while expressing parameter b 
through c by Eq. 2. In the parameter cal-
culation the fitted basal area was allowed 
to deviate from the experimental one 
(Eq.7) by no more than 5%. Two param-
eter prediction methods (PPM_NLS and 
PPM_ML) and one modified parameter 
prediction method (PPM_Mixed) for coef-

QMD – quadratic mean diameter; dbh – diameter at breast height; P – number of plots; 
N – number of distributions; n – number of trees.

Table 1. Stand and tree characteristics of the modeling and the validation data sets for 
modeling the diameter distributions of Scots pine plantations in Bulgaria.

Modeling data set (P=193) 
 N=236, n=44942 

Subset 1 
(P=153) 

N=153, n=9372 

Subset 2 
(P=40) 

N=83, n=35570 

Validation data  
set (P=73) 

N=166, n=23889  Variable 

Mean min max Mean min max Mean min max 

QMD, 
cm 15.2 3.6 35.3 14.7 5.7 23.2 19.8 6.5 34.7 

Density, 
ha-1 3164 498 12200 3298 679 9305 1706 393 8640 

Age, 
years 35 10 78 34 14 50 43 15 80 

Dominant 
height, m 15.9 3.6 32.6 14.5 6.3 23.2 18.4 6.4 32.5 

Basal 
area, 

m2.ha-1 
41.17 5.54 72.27 44.73 15.72 104.41 42.80 10.12 67.84 

Site 
index 31 22 38 29 22 38 31 22 38 

Stand 
variables 

Plot size, 
m2 270 85 1269 1658 148 2960 954 386 1989 

Tree 
variable 

dbh, cm 13.7 2 36 12.3 1 47 16.9 2 52 
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ficient estimation were also tested. The 
first two follow three main steps of appli-
cation: (i) parameter estimation by plots, 
(ii) parameter prediction through stepwise 
multiple regressions on the stand level 
variables, and (iii) simultaneous refitting 
of the selected regressions for b and c 
through seemingly unrelated regression 
(Table 2). PPM_NLS and PPM_ML differ in 
the first step of the estimation procedure, 
because while PPM_NLS applies the or-
dinary non-linear least squares technique, 
PPM_ML utilizes the maximum likelihood 
estimation. The PPM_Mixed method em-
ployed a non-linear mixed-effect model, 
in which the Weibull function parameters 
were considered mixed, i.e. composed 
of a fixed part (common for all distribu-
tions) and a random part specific for each 
plot (Table 2, Eq. 8). After estimation of 
the mixed-model parameters, the random 
parts of the parameters were predicted 
through regressions on the stand level 
variables.

A modification without driver per-
centile of the empirical, percentile-based 
model introduced by Borders et al. (1987), 
which is not connected to a predefined 
functional form of the distribution, was 
also fitted for comparison. This method 
defines an empirical probability density 
function with 12 ordered percentiles (Ta-
ble 2, Eq. 9), and the principle percentiles 
are further predicted from the stand level 
variables by stepwise multiple regressions 
followed by a seemingly unrelated regres-
sion.

Kolmogorov-Smirnov (K-S) test was 
applied to compare the experimental 
distributions with the predicted ones by 
each of the proposed models (Little 1983, 
Liu et al. 2004). To allow comparison of 
the distribution shapes, their mean val-
ue was subtracted prior to the analysis 
(Stankova and Zlatanov 2010). The Error 
Index (EI) was estimated for each diam-
eter distribution as the sum of the abso-
lute differences between predicted and 

* Abbreviations are as introduced in the text.

Modelling data set Validation data set Rank sum 

K-S EI K-S EI Method 
Mean 
value Rank Mean 

value Rank Mean 
value Rank Mean 

value Rank 

K-
S EI Total 

PRM_L 0.2680 4 119 1 0.1636 1 60 1 5 2 7 

PRM_S 0.1942 1 123 2 0.1649 1 62 2 2 4 6 

PRM_B 0.2484 3 141 4 0.2642 5 76 3 8 7 15 

PPM_NLS 0.2020 1 136 3 0.1728 2 62 2 3 5 8 

PPM_ML 0.3479 5 308 6 0.2240 4 136 5 9 11 20 

PPM_Mixed 0.2774 4 153 5 0.3238 6 89 4 10 9 19 

Empirical 
Percentile 

Model 
0.2284 2 138 4 0.1922 3 72 3 5 7 12 

Table 3. Mean values of the comparison test statistics (K-S and EI) and method ranking 
according to the results of the Wilcoxon rank-sign test*.
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observed number of trees per 1000 m2 
within each diameter class (Reynolds et 
al. 1988, Liu et al. 2004), and indicates 
the typical misfit of a model, because 
the EI will be small only when the mod-
el predicts well for all diameter classes. 
Kolmogorov-Smirnov and EI test statistics 
were determined for both the modeling 
and the validation data sets, and further 
compared by Wilcoxon signed-ranks test 
in order to find statistically significant dif-
ferences between the examined modeling 
approaches, regarding their goodness of 
fit. Different ranks were assigned to the 
methods distinguished as significantly dif-
ferent by the Wilcoxon test, for each test 
statistic and data set separately, and the 
overall method ranking was based on the 
rank totals summed from the 4 respective 
groups.

Results and Discussion

The final regressions required for 
application of the different modeling 
methods, their coefficients of 
determination (R2), and their Root Mean 
Square Errors (RMSE) are presented 
in Table 2. In the PPM_Mixed method, 
both regression coefficients were 
initially represented by a fixed and 
a random part, but the random part 
of the shape parameter could not be 
regressed satisfactorily on the stand 
level variables and for this reason the 
model was reformulated with a mixed-
scale and fixed-shape parameter (Table 
2, Eq. 8). Two of the examined methods 
for parameter estimation (PRM_S and 
PPM_NLS) modeled successfully the 
pattern of all distributions in both the 
modeling and the validation data sets, 
which was revealed by the K-S test. 

The Empirical Percentile Model and the 
PRM_L method failed to model 2 and 3 
of the 402 distributions, respectively. 
The PRM_B and PPM_Mixed methods, 
which modeled acceptably the 
distributions of the modeling data set 
(failed in 3 and 7 cases, respectively), 
showed poor predictive ability for the 
validation data set (failed in 18 and 
39 cases, respectively). The results 
from the comparison of the examined 
methods are shown in Table 3. The total 
sums of the ranks varied between 6 and 
20 and the methods of best diameter 
distribution modeling potential were 
the two parameter recovery methods 
through moments (PRM_S and PRM_L) 
and the parameter prediction method by 
non-linear least squares estimation at the 
first step of its application (PPM_NLS).

The parameter recovery methods 
have generally proved better to the pa-
rameter prediction ones in estimation of 
the Weibull frequency distribution func-
tion (Liu et al. 2004). The function relat-
ing the quadratic mean to the arithmetic 
mean diameter used in PRM_S (Eq.  5) 
is theoretically preferred, because it en-
sures that the predicted values for the 
arithmetic mean diameter will not ex-
ceed the quadratic mean and takes into 
account the influence of the stand vari-
ables. On the other hand, the simple lin-
ear regression in the method PRM_L es-
timated in the present study intrinsically 
overcomes the problem of higher arith-
metic mean diameter (Table 2) and allows 
modeling the diameter distribution only 
through the value of the quadratic mean 
diameter. The parameter prediction ap-
proach PPM_NLS also showed very good 
results in the present study, which can 
be largely accounted to the very strong 
relationships of the function parameters 



Diameter Distribution Model... 161

to the stand level variables. PPM_NLS 
appeared much better than PPM_MLE, 
although the maximum-likelihood estima-
tion (MLE) has been preferred as the one 
providing unequivocally the best possible 
distribution. The advantage, however, of 
the MLE is more pronounced when the 
primary purpose of its application is the 
distribution estimation itself and is rec-
ommended for large samples. Cao et al. 
(2004), on the�������������������������� �������������������������other hand, examined dif-
ferent ways for estimating the 3������� ������param-
eters of the Weibull function involving 
different prediction methods and combi-
nations with recovery approaches. The 
study suggested that the limitations of 
the parameter prediction approaches can 
be successfully overcome by reformulat-
ing the optimization criterion for param-
eter estimation in two ways: maximiz-
ing the sum of the log-likelihood values 
or minimizing the error sum of squares 
of the cumulative distribution functions 
from all plots. The parameter recovery 
method (PRM_B) proposed by Cao et al. 
(1982) has been designed to practically 
utilize the information about the stand 
basal area per hectare, easily obtained 
through relascopic sample plots. Fitting 
Eq. 7, however, requires exhaustive, of-
ten difficult to converge calculations. In 
spite of the theoretically logical deriva-
tion of this method, its poor goodness 
of fit and estimation efforts make it dis-
advantageous in comparison to the oth-
er tested parameter recovery methods. 
Mixed-effect models, which have been 
successfully developed and applied as 
an alternative to the purely determinis-
tic models, are preferable mainly when 
calibration through supplementary obser-
vations of the dependent variable is in-
volved. Such calibration in the diameter 
distribution modeling is barely justified 

because an additional determination of 
the frequency of even a single diameter 
size class requires many additional mea-
surements, which makes such approach 
meaningless. Prediction of the random 
parameters through the stand level vari-
ables was attempted in this study, but 
the simplified mixed-model technique 
proposed here did not produce satisfac-
tory results. The poor predictability of the 
PPM_Mixed for the validation data set 
and the lack of significant relationship of 
the random component of the shape pa-
rameter to the stand level variables sug-
gest that this approach has to be aban-
doned in modeling diameter distributions. 
A case study on Pinus taeda plantations 
(Borders and Patterson 1990) showed 
that an empirical percentile function can 
exceed the goodness of fit of the Weibull 
frequency function mainly because of 
better modeling of the non-unimodal 
distributions. This method did not show 
here superiority to the Weibull function 
estimated by the parameter recovery 
through moments. Although not con-
nected to a particular known function, 
the percentile model outlines through its 
12 percentiles a specific distribution pat-
tern, which should be characteristic to 
the investigated type of stands. Thus, 
the distribution pattern estimated by this 
method did not represent the diameter 
distributions of the Scots pine planta-
tions better than the Weibull frequency 
distribution function.
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